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Abstract. The information loss occurs in an evaporating black hole only if the time evolution
ends at the singularity. But as we shall see, the black hole solutions admit analytical extensions
beyond the singularities, to globally hyperbolic solutions. The method used is similar to that
for the apparent singularity at the event horizon, but at the singularity, the resulting metric
is degenerate. When the metric is degenerate, the covariant derivative, the curvature, and the
Einstein equation become singular. However, recent advances in the geometry of spacetimes
with singular metric show that there are ways to extend analytically the Einstein equation
and other field equations beyond such singularities. This means that the information can get
out of the singularity. In the case of charged black holes, the obtained solutions have non-
singular electromagnetic field. As a bonus, if particles are such black holes, spacetime undergoes
dimensional reduction effects like those required by some approaches to perturbative Quantum
Gravity.
1. Introduction
There are two outstanding problems in General Relativity (GR): the problem of singularities, and
the quantization of gravity problem. The theory predicts singularities both inside the black holes,
and at the big-bang. It was hoped that they are an artifact of the symmetry of the solutions, but
the singularity theorems of Penrose and Hawking show that they are unavoidable [1–6]. The
occurrence of singularities was regarded from the beginning by many as undesirable for GR,
because the field equations don’t make sense there, but they are not necessarily that bad. The
big-bang singularity is in the past, and is no longer a threat for the fields. The singularities
inside the uncharged and non-rotating black holes are spacelike, and they are in the future of
any observer that may cross the event horizon, so they are not a problem either. To make
harmless the singularities of rotating and charged black holes too, Penrose proposed the cosmic
censorship hypothesis [7, 8], according to which all singularities are either in the past (like the
big-bang one) or are always hidden beyond event horizons.
Singularities became more dangerous when Hawking realized that black holes evaporate and
the singularity seems to become naked [9, 10]. In this case, the information contained in the
initial data is partially lost at the singularity, leading to a violation of the unitary evolution.
This is the black hole information paradox.
1 Contribution to the 7th Int. Workshop DICE2014, Sept. 15-19, 2014, Castiglioncello (Italy), see J.Phys.: Conf.
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Hawking evaporation takes place near the event horizon. In fact, particle creation is not
limited to the event horizon, but near the horizon the particle-antiparticle pairs may become
separated, one of them crossing the horizon and the other one escaping.
Because Hawking evaporation takes place near the horizon, and also because the area of the
event horizon is proportional to the entropy of the black hole, it was hypothesized that the event
horizon plays a special role, unlike any other light cone. The most investigated approaches to
the information loss paradox try to solve the problem at the horizon: this is the case of the black
hole complementarity proposal [11–13], and the firewall proposal [14–16]. However, assigning
to the event horizon a special place among other lightlike surfaces in GR is at odds with the
principle of equivalence, especially since we know that black holes evaporate, and the event
horizons are only apparent. In addition, if the information is lost at the singularity, why would
the event horizon come to rescue it? It is as if GR has a problem in one place, and we hope to
have another problem or perhaps a miracle in another place, so that they cancel one another.
If the information is thought to be lost at the singularity, shouldn’t we see if we can recover it
at the singularity?
We will explore here the possibility that the evolution equations can be extended beyond
the singularities, leading to a new possibility, that the information goes out of the singularities.
The main mathematical tool is singular semi-Riemannian geometry, first introduced in [17–22].
It was developed for the case of degenerate metric with constant signature in [23, 24], but
the method was not invariant, requiring the choice of special splits of the tangent bundle. In
addition, it could not be extended to metrics with variable signature. The approach I introduced
in [25–27] overcame these problems. This allowed the extension of the Einstein equation at a
large class of singularities [25, 28]. It could be successfully applied to singularities in GR where
the metric is smooth but degenerate, such as the FLRW big-bang model [29, 30], leading to a
general model of the big-bang which is not necessarily isotropic or homogeneous, but satisfies the
Weyl curvature hypothesis [31]. The more resisting situation was that of black hole singularities,
but as I explain below, this case could be worked out too [32–35]. In the following, I will show
how these results suggest that the information can survive the singularities.
2. What is the real problem with singularities in General Relativity?
Let’s first identify two different situations when the metric tensor becomes singular. If the metric
tensor is smooth, but degenerate (i.e. it has vanishing determinant), the singularity is called
benign. If the metric tensor has components that become infinite, then the singularity is called
malign.
There are some methods to identify the metric singularities, based on symptoms like geodesic
incompleteness, or scalar invariants which become infinite only if the metric is not regular
(i.e. smooth and non-degenerate). These symptoms are used only to identify singularities,
but they don’t mean the singularities can’t be resolved. The reason why singularities are a
problem is not the existence of singular scalar invariants, because there are such invariants
which become singular even at points where the metric is regular. Also it is not merely the
geodesic incompleteness. These are just symptoms.
The reason why there are problems at singularities is that the field equations as usually
written don’t work there. These equations involve the Ricci curvature, and the Levi-Civita
connection. The Levi-Civita connection is given in terms of the Christoffel symbols of the
second kind, which involve both the components of the metric gab, and of its inverse, g
ab. For
the malign singularities, some of the coefficients gab are singular, while for the benign ones, they
are not, but the inverse gab is not defined. Hence, for PDE on curved spacetimes the covariant
derivatives blow up, Γcab =
1
2
gcs(∂agbs + ∂bgsa − ∂sgab), even in the benign case. Einstein’s
equation blows up in addition because the Einstein tensor
Gab = Rab − 1
2
Rgab (1)
blows up, being expressed in terms of the curvature, which is defined in terms of the covariant
derivative: Rab = R
s
asb, R = g
pqRpq, R
d
abc = Γ
d
ac,b − Γdab,c + ΓdbsΓsac − ΓdcsΓsab.
Even if gab are all finite, these equations are also in terms of g
ab, and gab →∞ when det g → 0.
So, if the field equations we normally use are not defined at the singularities, it seems natural
to conclude that GR itself predicts its own breakdown, as it was often said [10,36–40].
The good news is that the field equations can be written in an apparently equivalent way,
but which works also for a large class of singularities. This means that the conclusion that GR
predicts its own breakdown was too rushed, and there are still unexplored ways. The secret
is to rewrite the equations by replacing the singular fields with non-singular ones, which are
equivalent to them as long as the metric is non-degenerate. Table 1 contains a dictionary which
allows the replacement of singular fields with non-singular ones for some important classes of
singularities.
Singular Non-Singular When g is...
Γcab (2-nd) Γabc (1-st) smooth
Rdabc Rabcd semi-regular [25]
Rab = R
s
asb Rab
√|det g|W , W ≤ 2 semi-regular
R = gstRst R
√| det g|W , W ≤ 2 semi-regular
Ric Ric ◦ g quasi-regular [28]
R Rg ◦ g quasi-regular
Table 1. A dictionary used to replace singular with non-singular fields.
In Table 1, the symbol ◦ denotes the Kulkarni-Nomizu product, defined as
(h ◦ k)abcd := hackbd − hadkbc + hbdkac − hbckad. (2)
The idea to rewrite the field equations in ways which are equivalent outside the singularity,
but are free of infinities at singularities too, is not completely new. In [37,41], Ashtekar proposed
an equivalent Hamiltonian formulation of the Einstein equation, to deal with quantization of
gravity, which had some advantages over the ADM formalism [42]. As a side effect, it was
believed that rewriting the equations in terms of the “new variables” will also resolve the
singularities, but this turned out not to be the case for at least one of the variables (see for
example [43]). The idea is even older, being proposed in the 1935 article of Einstein and Rosen,
who credited W. Mayer for it [44]. The idea was to resolve a singularity which was benign, by
multiplying Einstein’s equations with the determinant of the metric as many times as necessary,
and it was only mentioned, and not used explicitly or justified in an invariant way.
3. Singular semi-Riemannian geometry
In [25–27] I extended the mathematical apparatus behind GR, semi-Riemannian geometry, to a
large class of benign singularities. We recall here some notions about singular semi-Riemannian
manifolds, and some of the main results from [25], which will be used in the remainder of the
article.
A singular semi-Riemannian manifold (M, g) is a differentiable manifold M endowed with
a symmetric bilinear form g ∈ T 02M named metric. Note that the metric is not required to
be non-degenerate. In particular, if the metric is non-degenerate, (M, g) is a semi-Riemannian
manifold. If in addition g is positive definite, (M, g) is a Riemannian manifold.
Let (TpM)◦ = TpM⊥ denote the radical of TpM . The metric gp on TpM is non-degenerate
if and only if (TpM)◦ = {0}. The radical of TM is defined as T ◦M = ∪p∈M (TpM)◦. We define
T •M :=
⋃
p∈M (TpM)
•, where (TpM)• := (TpM)[, and X[p(Yp) := 〈Xp, Yp〉, Xp, Yp ∈ TpM . The
module of sections of T •M is defined as
A•(M) := {ω ∈ A1(M)|ωp ∈ (TpM)• for any p ∈M}. (3)
The metric g induces on T •M a unique non-degenerate inner product g•, defined by g•(ω, τ) :=
〈X,Y 〉, where X[ = ω, Y [ = τ , for two vector fields X,Y ∈ X(M).
A tensor T of type (r, s) is called radical-annihilator in the l-th covariant slot if T ∈
T rl−1M ⊗M T •M ⊗M T 0s−lM . The metric g• can be used to define uniquely the covariant
contraction or covariant trace between two covariant indices in which a tensor is radical-
annihilator. If T ∈ T rs is a tensor field, then we denote the contraction CklT by
T (ω1, . . . , ωr, v1, . . . , •, . . . , •, . . . , vs).
The Koszul form is defined as K : X(M)3 → R,
K(X,Y, Z) := 1
2
{X〈Y,Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉 − 〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X,Y ]〉}. (4)
For non-degenerate metric, the Koszul form defines the Levi-Civita connection, by raising the
1-form K(X,Y, ), 〈∇XY,Z〉 = K(X,Y, Z). Properties of the Koszul form of a singular semi-
Riemannian manifold are very similar to those of the Levi-Civita connection, and can be found
in [25,27]. The important difference is that, unlike the Levi-Civita connection, the Koszul form
is well defined and finite even if the metric is degenerate.
Let X,Y ∈ X(M). The differential 1-form ∇[XY ∈ A1(M), (∇[XY )(Z) := K(X,Y, Z) for
any Z ∈ X(M), is called the lower covariant derivative of Y in the direction of X. The lower
covariant derivative operator is defined as ∇[ : X(M) × X(M) → A1(M), and it associates to
each X,Y ∈ X(M) the differential 1-form ∇[XY .
A singular manifold (M, g) is radical-stationary if, for any X,Y ∈ X(M), K(X,Y, ) ∈ A•(M).
Let X ∈ X(M), ω ∈ A•(M), where (M, g) is radical-stationary. The covariant derivative of ω
in the direction of X is defined as ∇ : X(M)×A•(M)→ Ad1(M),
(∇Xω) (Y ) := X (ω(Y ))− g•(∇[XY, ω), (5)
where Ad
1(M) denotes the set of 1-forms which are smooth on the regions of constant signature.
For a radical-stationary singular semi-Riemannian manifold (M, g), we define:
A •1(M) = {ω ∈ A•(M)|(∀X ∈ X(M)) ∇Xω ∈ A•(M)}. (6)
The Riemann curvature tensor of a singular semi-Riemannian manifold (M, g) is defined as
R : X(M)× X(M)× X(M)× X(M)→ R,
R(X,Y, Z, T ) := (∇X∇[Y Z −∇Y∇[XZ −∇[[X,Y ]Z)(T ) (7)
for any vector fields X,Y, Z, T ∈ X(M).
A semi-regular semi-Riemannian manifold is defined by the condition ∇[XY ∈ A •1(M), for
any vector fields X,Y ∈ X(M). A radical-stationary semi-Riemannian manifold (M, g) is semi-
regular if and only if for any X,Y, Z, T ∈ X(M), K(X,Y, •)K(Z, T, •) ∈ F (M).
The Riemann curvature of a semi-regular semi-Riemannian manifold (M, g) is a smooth
tensor field R ∈ T 04M . It satisfies for any vector fields X,Y, Z, T ∈ X(M)
R(X,Y, Z, T ) = XK(Y, Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y,Z, •)K(X,T, •). (8)
The densitized Einstein tensor Gab det g is smooth on semi-regular spacetimes of dimension
4 even if Gab is singular [25]. Hence, we can write a densitized Einstein equation
Gab
√
|det g|W + Λgab
√
|det g|W = κTab
√
|det g|W , (9)
where Tab is the stress-energy tensor, κ :=
8piG
c4
, G is Newton’s constant and c the speed of light,
and W ∈ {0, 1, 2}. In many cases it is enough to take W = 1 [29], or even W = 0 [32].
4. Resolving the Schwarzschild singularity
The problem of singularities dates back to the very beginnings of GR, when Schwarzschild
wrote his famous solution to Einstein’s equation, representing the spacetime metric outside of a
spherically symmetric, non-rotating and uncharged body of mass m [45,46]. In the coordinates
originally found by Schwarzschild, the metric is
ds2 = −r − 2m
r
dt2 +
r
r − 2mdr
2 + r2dσ2, (10)
where dσ2 = dθ2 + sin2 θdφ2.
Schwarzschild was dissatisfied with this solution, because the metric appears to be singular
at r = 0 and r = 2m. He therefore replaced the coordinate r with R = r − 2m, and imposed
the condition R > 0. However, the singularity r = 2m turned out to be not a singularity of the
metric tensor, but of the coordinates. In suitable coordinates, the metric tensor becomes regular
at r = 2m, as shown by Eddington [47] and Finkelstein [48]. So the event horizon r = 2m should
also be included in the solution, together with the interior region of the black hole, r < 2m.
One major remark about the solution proposed by Eddington and Finkelstein is the
understanding that, by moving to another atlas, a metric that looks singular may be made
regular. This is not at odds with the principle of general relativity, which states that the physical
laws are independent on the coordinates, nor it is at odds with known simple differential geometry
observations that the metric remains regular after a non-singular coordinate change, because the
coordinate transformations involved here are singular. In the case of the Schwarzschild metric,
because of the constrained imposed by Schwarzschild to the solution, the coordinates are singular
at r = 0 and r = 2m, and we have to move to non-singular ones, which are the correct ones.
This is what Eddington and Finkelstein did for the event horizon.
This raises the question whether we can apply the same idea of using a singular coordinate
transformation to remove the r = 0 singularity. This is not the case, because the Kretschmann
scalar RabcdR
abcd is singular at r = 0, and no coordinate transformation, not even a singular one
can change it, hence either the Riemann tensor Rabcd or R
abcd is singular in any coordinates,
and so is the metric.
However, it is enough to find coordinates in which the singularity is made benign, and not
necessarily completely removed. In [32] I showed that changing the coordinates to{
r = τ2
t = ξτ4
(11)
leads to the following expression for the four-metric:
ds2 = − 4τ
4
2m− τ2dτ
2 + (2m− τ2)τ4 (4ξdτ + τdξ)2 + τ4dσ2, (12)
which is analytic and semi-regular at r = 0. The metric extends analytically beyond the
singularity r = 0. In the case of evaporating black holes, this leads to the Penrose diagram
in Fig. 1 B. In the new coordinates, the metric becomes not only analytic, but also semi-
regular. This means that the Einstein equation can be rewritten in a form which holds at the
singularity r = 0 too. This suggests that information is not necessarily destroyed by singularities.
Figure 1. A. Standard evaporating black hole, whose singularity destroys the information. B.
Evaporating black hole extended through the singularity preserves information.
5. Discussion
We have seen that a large class of benign singularities (which are due only to the degeneracy of
the metric) have reasonable geometric properties, and the equations can be rewritten without
infinities. This includes some very general big-bang singularities [29–31]. Also, we have seen that
the Schwarzschild black hole singularity, although malign, can be made benign by changing the
atlas [32]. Similarly, in [33, 34] I found coordinates that make the metric analytic for Reissner-
Nordstro¨m and Kerr-Newman black holes, and in [35] that these solutions can be used to obtain
globally hyperbolic solutions of stationary and evaporating, charged and neutral, rotating or
non-rotating black holes.
Moreover, in the coordinates found for the charged black holes in [33,34], the electromagnetic
field and potential are smooth even at the singularities. But these solutions have spherical or
cylindrical symmetry. What happens if we assume such a solution as background, and consider
other fields that cross the singularity? For example, the Maxwell and the Yang-Mills equations
can be written in many equivalent ways, by using the covariant derivative, or using the Hodge
dual, or using the codifferential operator δ. All these need the metric to be non-degenerate, but
in [49] I found conditions which allow us to rewrite these equations without infinities even if the
metric becomes degenerate. But the question of what generic initial conditions lead to solutions
satisfying such conditions remains open.
Another question concerns the physical interpretation of the formulations mentioned in this
article. More precisely, what motivates the preference for the quantities in the second column in
Table 1, over those in the first column? As long as the metric is non-degenerate, these quantities
are equivalent. For example, we move from Γabc to Γ
c
ab, or from Rabcd to R
d
abc, by contracting
with gab. So in the non-degenerate case, the two have the same physical content. But when the
metric is degenerate, why would we consider Γabc and Rabcd more fundamental than Γ
c
ab and
Rdabc? Is the fact that they remain finite and smooth at singularities an enough reason? Also,
why would we use a version of Einstein’s equation in terms of Gab
√|det g|W and Tab√| det g|W ,
W ∈ {0, 1, 2}? If the fact that √|det g|W vanishes enough to cancel the divergence of Rab and
R is not enough, here are some additional possible reasons, supporting the case W = 1. First,
the Lagrangian density for the Hilbert-Einstein action is R
√|det g|dx0 ∧ dx1 ∧ dx2 ∧ dx3, and
not just R. It is a differential form, and not a scalar, and if we insist to consider only the scalar
part may lead to infinities at singularities, but the differential form may still remain finite. Also,
from the action we obtain the stress-energy tensor density, and not the stress-energy tensor
Tab. A concrete example can be found in [29], where it is explained that at the big bang in the
FLRW model, although the scalars ρ and p, usually named energy density and pressure density
become infinite at the singularity, the actual densities are ρ
√|det g|dx0 ∧ dx1 ∧ dx2 ∧ dx3 and
p
√|det g|dx0 ∧ dx1 ∧ dx2 ∧ dx3, and they remain finite and smooth even at the singularity,
and so remain Tab
√|det g|, Rab√| det g|, and R√| det g|. Quantities like mass, energy, pressure
are defined on extended regions, by integrating such densities, which always have to include in
their definitions the quantity
√|det g|. On differentiable manifolds we don’t integrate scalars,
we integrate differential forms, which include together with the scalar, also
√| det g|, in the
volume form, and remain non-singular. Nevertheless, further investigations of the physical
interpretation of the quantities proposed here as more fundamental should be made, to deepen
our understanding of why some quantities remain finite and others don’t, and which of them
are more fundamental than the others, if any.
To conclude, the results mentioned in this article and in the ones cited here suggest that
singularities not only are less harmful than it was initially thought, but may have even healthy
effects to other problems in GR, like Quantum Gravity [50].
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